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Abstract 

With the help of computer algebra, I devise an exact unitary transforma- 
tion for the Anderson impurity model which allows to kill the hybridization 
term in the slightly simplified case of zero chemical potential. Then I compute 
explicitly the outcome of this transformation. This is a rigorous version of the 
well known Schrieffer- Wolff transformation. It should be possible to treat the 
general case at the price of increased computation time. 

1 Introduction 

The Anderson impurity model describes a single magnetic impurity coupled to a 
conduction band of electrons (for a recent review see Q ) . The reduced Hamiltonian 
with chemical potential [i is formally given by 

H' = H-fiN (1) 

= H' Q + {e d - ii)n d + Un dA n d>i +g J2 K(V)d ff + h.c] (2) 

<re{U} 

H' = Yl fdk[e(k)-iAte{k)c*{k) (3) 
^e{T,l} J 

= JdkV(k)cl(k) = [c a (V)}* (4) 

n d ,a = d* a d a (5) 
n d = n dA + n dil (6) 
\\V\\h = 1 (7) 

where in fact one should pass to particle-hole representation and define a new H' (by 
adding a diverging constant) bounded from below in the infinite volume limit. The 
c's and the cf s are standard Fermionic annihilation operators, we assume furthermore 

{c a (k),d <T ,} = {c a (k),dl,} = (8) 

(In the following, I will note H instead of H' .) 

Using a Bethe-ansatz, the model was exactly solved in dimension d = 1 with 
linear dispersion relation (without UV-cutoff) and a constant V 0. But in the 
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general case, apart from numerical renormalization ||, the common way to study 
this model consists in trying to eliminate the hybridization term. This was first ap- 
proximatively done by Schrieffer and Wolff M. This Schrieffer- Wolff transformation 
leads to a renormalization of the energy impurity and of the repulsive interaction. 
Furthermore it generates an anti-ferromagnetic spin-spin interaction between the 
impurity and conduction band electrons. Thus, it maps the Anderson impurity 
model to an effective s-d type model exhibiting Kondo effect. 

But this transformation is equivalent to a second order perturbation treatment 
and its validity is unclear. Furthermore, it becomes singular when the energy of the 
impurity lies in the conduction band. In particular, it is not at all suitable in the 
intermediate valence regime (of interest for certain rare earth compounds) where 
the impurity energy is close to the Fermi level. 

The Schrieffer- Wolff transformation was refined by Kehrein and Mielke by the 
use of infinitesimal unitary transformations [0 . This leads to a smoother result but 
it still relies on uncontrolled approximations. 

In this paper, I want to study the possibility of an exact elimination of the hy- 
bridization term through unitary transformation with the help of computer algebra. 
As a first step, I will consider the slightly simplified case /i = 0, i.e. there are 
only particles and no holes. In this case, I prove the existence of such a generalized 
Schrieffer- Wolff transformation and I compute the resulting Hamiltonian as a s-d 
type model (up to irrelevant terms) with an effective spin-spin interaction which is 
anti-ferromagnetic in one channel. 

Then I explain how the computation would be changed in the general case and 
how one can then partly use the \i = computation. This suggests that it should 
be possible to treat also the general case. 



2 Main result 

Theorem 1 Let H be as in M) with U > 0, ^ = and £ L 2 (R d ), then there 



V_ H TKTDd 

exist 



(h,t 2 ) G R ; 

CA,/ 2 )GL 2 (IR d ) 2 with ||A||| 2 = ||/ 2 ||2 2 = l ; 
and some unitary operators 



Ut = exp jt 1 ^[ C ;(/ 1 K-h.c.]J 

U 2 = exp|t 2 ^[ C ;(/ 2 )C a d_ (T d (T -h.c.]| 



(9) 
(10) 



such that 

h 2 = u 2 u 1 hu*u; (11) 

contains no term linear in c„ or c* . 
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The proof is through brute force. Using the above expressions as ansatz for U 1 
and U 2 , I compute (with the help of computer algebra) the effect of the two unitary 
transformations as a function of (ti, fi,t 2 , f 2 ) then I impose that the terms linear in 
Co- or c* vanish. 

After simplification, I obtain the following expected result 

Theorem 2 H is unitarily equivalent to an s-d type Hamiltonian 

H 2 = H + s R n d + U R n dA n dA + K x [c^/^c^/i)^^ + h.c] 

<re{T,l} <je{T,l} 

i6{ + ,-} xe{AF,F} 

+4 KS c (<Px®<Px)-S d + H Irr (12) 

xe{AF,F} 

= E c *^)(f) ie{*>v>*} ( 13 ) 

(r,r')G{T,l} 2 

& = E <(?L d " < 14 ' 

(r,r')G{T,l} 2 

where H] rr is an irrelevant pari (in the Renormalization Group sense) which consists 
in a (large) number of terms of order at least 3 in c or c* , and the U{ are Pauli 
matrices (thus the S's are spin operators). 

Furthermore, for values of the parameters (e d , U, g) in the so-called local moment 
or intermediate valence regimes, one has 

X AF > and X F < (15) 

i.e. the resulting spin-spin interaction is anti-ferromagnetic in one channel. 

Remarks 

• Let us note that U\ and U 2 preserve the original electron number and total 
spin conservation as well as the U(l) x SU(2) symmetry. Therefore, the only 
possible terms linear in c a or c* are 

2>;(.K + h.c] and J2K(-) d -« d -<r d ° + h - c -] 

a a 

this means that I perform a kind of minimal transformation (2 adjustable 
functions to meet 2 constraints). 

• The Schrieffer Wolff transformation amounts to the particular choice 

h oc (16) 
V 

(e - e d ) [e-(U + E d )\ 
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We will see that this is not so bad provided one replaces Ed and U by their 
renormalized value. Indeed I find 



fi oc (18) 

V V 
f 2 oc a 2 \-b 2 - r-, — ■ r where fi 2 ~ -(U R + e R ) (19) 

E-Er {e-Er){e + fJtz) 

• Up to irrelevant terms, one can see that in H 2 the channels = 1 and 



rid G {0,2} are decoupled. Yet U R + e r ~ — //2 is negative but small (in the 
local moment regime, I find that fi 2 ~ e~ c ^ £d ^ 9 ). Thus it is a priori not clear 
in which channel will be the ground state of H 2 . 

• Finally an important remark is that strictly speaking eliminating the hy- 
bridization term is not enough because there remains a dangerous term in 
H 2 , namely 

W = K 1 [$(f 1 )cl(f 1 )d i di + h.c] (20) 

The reason is that when one performs some Renormalization Group analysis on 
H 2 , W combined with some cubic term in Hj rr can generate back some terms 
which are linear in c a or c*. Thus one should perform a third transformation 

U 3 = exp {t^tf^cKf^d^ - h.c.]} (21) 

to kill also this term. This should a priori be possible, one then would have 
to meet three constraints with three adjustable functions.lt is easy to see that 
there are no other dangerous term which could generate some part linear in 
c a or c*. 

This problem was totally overlooked up to know because people usually do not 
worry about irrelevant terms. This is not too dramatic in the local moment 
regime since in that case, one has 

K x ~ e" c|£dl/92 (22) 

which means that the terms linear in c CT or c* that are generated will in fact 
remain small at least up to the Kondo Temperature scale. 

3 Proof of theorem J 

3.1 Principle of the computation 

The unitary transformations that I consider in this paper are of the form U (t) = e tr , 
and the general problem is, given an observable O, to compute 

0(t) = e tr Oe- tr (23) 
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0(t) is solution of the following differential equation 

jO{t) = e tr [T,0]e~ tr = [T,0](t) (24) 

O(t = 0) = O (25) 

Thus the problem amounts to find a finite (possibly large) set {0 1 = O, 2 , • • • , O n } 
whose span is stable under commutation with T. 

[T, Oi] = M iJ°J ( 26 ) 

3 

Then one has just to integrate the first order linear equation 
dX t 



dt 



MX t with X t=0 = (Oi,... ,O n ) (27) 



The difficulty comes from the large value of n (for the second transformation, 
n pa 150) which makes the problem in practical impossible to solve by hand, thus 
the need for computer assistance. 

The computation was done on a Unix workstation running Mathematica, us- 
ing a personal implementation of Fermionic operator algebras. The computation 
time is hard to assess because computation went in parallel with code writing and 
furthermore the whole process is not yet automated and requires an heavy human 
participation. 

1 can nevertheless estimate a kind of effective computation time (human+computer) 
which is of order of a few months. This proves that such computations are tractable. 

3.2 First Unitary transformation 

Let Hi = UiHU*, ai = cos(ti) and p\ = sin(ti), this transformation is quite easy 
to compute since one can check that 

Ca(fi) ^ aic a (fi) - Pid a (28) 

d(j ^ Pi C<T (fi) + aid a (29) 

c a {k) ^ c a (k) + fi(k)[(ai-l)c a (fi)-M (30) 

An important simplification coming from the case fj, — is the fact that the 
second transformation does not affect the "c*(.)d a " part. Therefore I can set it to 
zero at this stage. The constraint reads 

(e + \i)fi = g^V (31) 
Pi 

Ai = g^(l-ai)(fi,V)-(l-ai)(fi,efi)+g(3i(VJi)-aie d (32) 
Pi 



This leads to the following equation for A 



X i = 9 2 (V, 7 ^yV)-e d (33) 
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from which one can see that Ai is real, just like (V, f±). 
Let us consider 

e4\) = g 2 (v,j^jv\-\, AG(0,+oo) (34) 

it is easy to see that this is a strictly decreasing function ranging from +00 (because 
^72 ^ L 2 ) to —00. Therefore it admits an inverse function Xi{ed) > giving the 
unique solution to (|3"3"|). 

Since Ai > 0, f\ E L 2 (R d ) and the normalization condition fixes a\ and (3\. 

1 



a? = TT?Mf « 1 (35) 

Ml = (VAe + X^V) (36) 
Finally, choosing a.\ and (3\ to be positive, one obtains. 



H x = fl + (7 1 ^dJd i d T + C3[c|(/ 1 )cJ(/ 1 )d i d T + h.c.] 

+C5c|(/ 1 )cI(/ 1 )c;(/ 1 )c T (/ 1 ) + W ^ ( 3? ) 

^ = c 2 [c;(/ow ff + ii.c.]-^[c:(/ 1 )c_ ff (/ 1 )Ci + ii.c.] 
+c 3C ;(/ 1 )c (J (/ 1 )d*_ (T d_ (7 + c^/Oc* Mi)c-Mi)d ff + h.c] 

+C B [c;(/ 1 )(v(e/ 1 ) + h.c] + C 7 d* a d a + C,clUi)cMi) (38) 
where the C's are given by 

xi = gM 1 (39) 

Cl = (irW (40) 

C 2 = xid (41) 

C 3 = x\C x (42) 

C 4 = x?d (43) 

C 5 = x?Ci (44) 



C 6 = -1 + ^/l+x 2 (45) 
C 7 = -Ai (46) 

C 8 = ^ I (2 + x 2 )e d + (2 - x 2 1 )X 1 -2^1 + x\ [e d + A x (l - xl)] J 



(47) 



3.3 Second Unitary Transform 

By analogy with the first transformation, I will look for a function f 2 satisfying 



Vk e R , /!(fc)/ 2 (fc)eR (48) 
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The interested reader will find in appendix the differential equations governing 
this transformation, from this one can reconstruct the integrated flow. 
I note 



a 2 = cos(V2t 2 ) 

2 = sin(V2t 2 ) 

= {fi,efi) 1 = 1,2 

0012 = (fi,f 2 ) (eR) 

Ti 2 = (h,ef 2 ) (GR) 



(49) 
(50) 
(51) 
(52) 
(53) 



Having the c* a {.)d*_ a d^ a d a term vanishing leads to the following constraint 

{e + ^2).f2 = -wi 2 C 6 (e + ^i)/i (54) 
-u; 12 C 6 fii = a/2 ^C 2 - 2u l2 C 3 - uj 12 C 8 - T 12 C 6 (55) 



\pl—C 2 — 2u)\ 2 C? > — io\ 2 C% — r 12 C6 
H 2 = -ol 2 {C\ + C 7 ) — T 2 (l - a 2 ) + \p2^ujx 2 C 2 {\ — a 2 ) + V2 j3 2 ux 2 C 2 

P2 



-^ 2 2 (2C 3 + C 8 )(l - a 2 ) - 2T 12 u 12 C & {\ - a 2 ) 
Using expression (|5HD one gets 



W12 



— UJ\ 2 Cy 



1 - (M2 - ^l) ( fl 



1 



r 12 = -wi 2 [c 6 (ri + /ii) + /i 2 ] 
r 2 = cui 2 c 6 [c 6 (ri + ^1) + /i 2 - yui] - /j-2 



h 



And from (gTj), (^3J) and 



_ Ai + e d 
1 1 - o » ^ — A i 



^M 2 



(56) 



(57) 

(58) 
(59) 
(60) 



(61) 



Substituting (|58| ) into (^) yields 

Z 2 



a 



< 1 



Z 2 + 2C| 

Z = w 12 [-2C 3 - C 8 + C &l i 2 + C 6 (C 6 + l)/i! + TxC 2 ] 



Then I choose 



±1) 



ez 



a 2 



ft 



V^ 2 + 2C| 
V^ 2 + 2Cf 



(62) 
(63) 

(64) 
(65) 
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With this particular choice, Ui 2 disappears from equation fl56| ) so that I can express 
to as a function of fi 2 - 

2CI + (d + c 7 + to) [-2C 3 - c 8 + c 6 (^ + c 6 ro] 



fil '' C 6 (C 6 + l)(C 1 + C 7 + /i 2 ) 

And from the normalization condition, one gets 0*12 as a function of /ii and to- 



(f 2 J 2 ) = u 2 12 C 2 



C e + 2 



+ {to - tof ( /: 



r/i 



(66) 



(67) 



Finally, substituting (|66|) into (|57D , we are left with the following equation 

ii + Cfic. + CT + to) = (fu^—fi)hc 2 2 

\ £ + to I l 
+(d + C 7 + to) [ ~ 2C 3 -C 8 + C 6 (C 6 + 2)to + C 2 6 T 1 ] } (68) 

which after simplification becomes 

(f(to) = (69) 



Win) 



u + (1 + xfY (ji - x 



+1^2 - Ax) [t/ - (1 + a;?) 2 (0 - AO] (f 1} j^h) 



(70) 



Lemma 1 

T/ie equation <p(fi) = /ias a unique solution fi 2 > furthermore to (0> Ai). 
Proof 

• First, let us note that ip is a smooth function with 



lim (/?(/i) 



—00 since 



£ l/2 



^(Ax) = U > 
This implies that there is at least one solution fi 2 G (0, Ai) 



(71) 
(72) 



For n > Ai we have y?(/i) ^ ^7 > at least as long as U — (l + x 2 ) 2 (// — Ai) ^ 0, 
i.e. as long as /i ^ A x + C7( 1 + x\)~ 2 . 

For /i > Ai + U(l + xf)~ 2 , we note that 
= [/+(l + o; 2 ) 2 ( / u-A 1 ) 

-TT^I^ - A K 1 + ^i) 2 0* " Ai) - U] (ft, (73) 
^ U + (1 + x 2 ) 2 (// - Ax) 

- T X^(A*-A 1 )[(l+^) a (M-A 1 )-^]^ 

J. ~ r~ J-' 2. 

^ f/+(l + x 2 ) 2 ( / u-Ai)-x 2 (l + x 2 )( / u-A 1 ) 
^ C/ + (1 + x\) (n - Ax) > 

Thus there are no solution in [Ai, +00). 



(74) 

(75) 
(76) 
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Finally, for < /i < Ai, we have 



V) = (l + x 1 ) 2 + — [U + 2(1 + xD^-^lh,— h 

+TTxJ^ - <*) + (1 + *?) 2 (Ai - /x)] (/i, (^)2 A) (77) 



> 



therefore there is a unique /i2 G (0, Ai) such that <p(to) = 0. 



(78) 



Since // 2 > 0, / 2 e L 2 (IR d ) and I can successively solve (p6|) , (p7|) and 



/'i 



?Ax- 



/'2 



(1 + X?) - ^1 + x\ y/l+xl 

2Ux{ 



[u-ii + xl)^-^)} (i + xl)-^T+xl 



UJ 



12 



- ^) 2 ( V 1 + - !) 2 </i. ( £ + ^)~ 2 /i> - 4 



N, 



Q'2 



^2 

«2 



A', 



a 2 



"2 



Oua-z/xXyi + zf-l)-^ 



2C/ 



(1 + x 2 



2\2 



+ Ai - /Ui 



Furthermore, / 2 is given by 



(Ai - to) (79) 

(80) 
(81) 
(82) 
(83) 



h = -M^l + xf - 1) 



£ + ^1 
£ + ^2 



A 



This concludes the proof of theorem [I]. 



34) 



4 s-d type Hamiltonian 

After simplification, I find that the initial Anderson impurity Hamiltonian H is 
unitarily equivalent to H2 whose interacting part, up to irrelevant terms, consists in 
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i potential scattering term and a s-d exchange term. 

H 2 = H + e R n d + U R n dA n dd + K x [cf (/i)^/^^ + h.c.] 



+ {K 2 cl(h)c a {h) + K,cl{F 2 )c a {F 2 ) 

+K 4 [c* a (f 1 )c a (F 2 )+ h.c] ]n d 
K 2 S c {h <g) h).S d + K 3 S C (F 2 ® F 2 ).S d 



S c {h®F 2 ) + S c {F 2 ®h) 



•S d 



F 2 = {e + ii 2 )- l h 
The various coefficients have the following expression 



£r 
Ur 



= -Ai 



(l + x 2 ) 2 



1 - 2V2 Xl a 2 f3 2 u 12 - - 2x\<J\ 2 ) 



+(3 2 \\ 1 -[i 2 + u 



12 



aftAi - Mi) + (y/l + rt - l)(/ii - /i 2 ) | 



xc 2 



(a 2 - v^i/J^^) 



(1 + *?) 



2N2 



= — x 



2 ' 



KU 2 



+ 



KUo = 



x 



+ 



?{Ai [1 + a 2 - ^^i 2 2 (l - « 2 )] - A*i [2 - w 2 2 (2 + x\)(l - a 2 )] 
+/i 2 (l-a 2 )(l-2^ 2 )} 

^/l + x\ - l^j |2Ai [l + a 2 + x 2 - x 2 u; 2 2 (l - a 2 )] 

-Mi [4 + 2x 2 - 4^(1 - a 2 ) - 3xlu 2 l2 {l - a 2 )] 
+fi 2 (l-a 2 ) [2-(A + xI)uj 2 12 ] } 

2 {2 - (3 2 2 uj 2 12 - 2V2p 2Xl u 12 [1 - (1 - a 2 )u 2 12 ] 

+2xlu 2 12 {l - a 2 ) [2 - (1 - a 2 )uj 2 l2 ] } 

^1 + x 2 - 1^ {2v / 2/3 2 x 1 cu 12 [1 - 2(1 - a 2 )u 2 l2 ] 

+x\ [2 - (4 - 4a 2 - /? 2 > 2 2 + 4u4(l - a 2 ) 2 ] + 2/3?| 
-2v / 2/? 2 x^ 1 3 2 (l - a 2 ) + 2x^ 2 (l - a 2 ) 2 } 
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^12 



KG* 



K 4 
KC A 



KU 4 = 



12 



.(1 _ a 2 ){^ - ^ 2 ) 2 (2 + x\ - 2yjl + x?) 



4(1 + x 2 ) 2 ' 

1 + a 2 - 2\p2fi 2 x x oj X2 + 1x\ijj\ 2 {1 - a 2 )J 



12 



(l-a 2 ){^-n 2 ) 2 KC z 



Ai(2 + - 2^1 + x\) [l + a 2 - x\uj1 2 {\ - a 2 
+yUi^ 2 (l - a 2 ) 



A + x{- 4^1 + x 2 + x 2 (^5 - 3;/l + 
-/i 2 {2(^/l + x? - 1) [1 + a 2 + 2u 2 12 (l - a 2 )] 



+x 2 



1 + a 2 + uj 2 12 (1 - a 2 )(3 - -^1 + x?) | 



___(! _ 0,2)^2 _ ^)^C 4 + 4(1 + a;2)2 ^4 
A x {2 ^l + x? - 1^ (1 + a 2 ) + ^u; 2 2 (l " « 2 ) 

-x? 2 + a 2 - ul 2 \fl + x\ + 2u; 2 2 (l - a 2 ) ^/l + x? - 1^ 
+//i{2(l + x\) - uj 2 (l - a 2 )(4 + 5x 2 + ^) 



-^1+x 2 [ 2 + x 2 -cu 2 2 (l- 
+/i 2 |a 2 (2 + x?) + w 2 2 (l - a 2 )(4 + 3x 2 ) 

-\Jl+x\ [2a 2 + uj 2 (l - a 2 )(4 + x 2 )] } 
-x 2 u;i 2 (l - a 2 ) + a 2 - 2"\/2/3 2 xiu;i 2 + 2x 2 u; 2 2 (l _ "2) 

+ ^/l + x? - {2/? 2 2 a; 1 2 + yfifcxi [l - 4(1 - a 2 )cu 2 2 ] 

-2x 2 ^ 12 (l - a 2 ) [1 - 2^ 2 2 (1 - a 2 )] } 



K 5 



1 + x\ - 1 



2 + x 2 -2v/l + x? 2 
- 



3^ 1 



2{\-x\)JY+x\ 



xt 



xt 



Ai 



(95) 



(96) 



(97) 



(98) 



(99) 

(100) 
(101) 
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Then, I have to diagonalize the various quadratic forms. First I define 

F 3 = e/i-rvA (102) 

F 4 = F 2 -cu 4 f 1 (103) 

^ = (h,efr) = ±±^-\, (104) 

x 1 

^4 = (fi,F 2 ) = </ 1 ,(£ + // 2 )- 1 /i> (105) 

1 n , 2wx \ (1 +X 2 l ) 2 (X l -fj, 2 ) 

= ^ (1 + Xl)(Al - /i2 V+(l + ^(A 1 -^ 2 ) (1 ° 6) 
/* = tt^iT' ^{3,4} (107) 

3|' 2 



- A [g 2 x\-{\ 1 + e d f] (108) 

2-1 



+ AO-no 2 



(109) 



||F 4 f = ||F 2 || 2 -u, 4 2 (110) 

1 + ^l^l 2 2 



ll^ll 2 = L± ^ 2 (HI) 



This allows to rewrite 

w a = {oi C ;(/iM/i) + ci[c;(/iM/ 3 ) + h.c.]} 

+{a2C* a (f 1 )c a (fi) + b2cUh)c a (F 4 ) 

+C2[c;(/ 1 )c CT (/ 4 )+h.c.]}n d (112) 

ai = Ai + e d (113) 

61 = (114) 

ci = ^(^i + ^-i) yjg 2 *?i-(*i + £d) 2 (H5) 

a 2 = ^2 + ^3^ + 2^4 (116) 

6 2 = ^sll^H 2 (117) 

C 2 = ||F 4 ||(K 3 ^4 + ^4) (118) 

It is then a standard exercise to diagonalize W a , and one should note that it 
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allows also to diagonalize the spin-spin interaction. I will note 



A, = 

A± = 

X AF = 

\ F = 

Nl = 

N 2 - 

AF — 



N 2 



(a, - hi) 2 + Ac 2 

1 - 

2 . 



A, 



[a 2 + 6 2 )] 

A7+ (a 2 + k 2 )] 

2(A 1 ±ai V / A7) 

A 2 - (a 2 - b 2 )\ // A^ 

A 2 + (a 2 - & 2 )\/A2 

AT±ai)/i + 2ci/ 3 

\/A2 - (02 - 62) /1 - 2c 2 / 4 } 



2 

2 
1 

iV± 
1 



= — { + (a 2 - 63)] h + 2c 2 f 4 } 



Then I can finally write H 2 as 

H 2 = H + e R n d + U R n dA n dA + 7\~i [cf(/i)c*(/i)d|d T + h.c] 



x€{AF,F} 

L Px)-S d + H Irr 



<re{T,l} 
ie{+-} 



+4 A -^(y? 

xe{AF,F} 



5 Asymptotics 

I will now evaluate the various coefficients in different regimes, assuming 

0« 1 

More precisely, I am interested in 

• the local moment regime 

- e d < 0, + > 0, 

- \e d \,(U + e d )^> g 2 \ogg- 1 . 

• the intermediate valence regime 

- \e d \ <^ 2 log^ 1 < 17. 



(119) 
(120) 

(121) 

(122) 

(123) 
(124) 

(125) 
(126) 

(127) 
(128) 



(129) 



(130) 
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I will note respectively C^ lm ^ and C^ v ' the value of C in the local moment or interme- 
diate valence regimes. I assume that V is continuous and non- vanishing at the Fermi 
surface and that s vanishes linearly (this corresponds to the physical situation) so 
that the following asymptotics hold 



{V,{e + \)- x V) 
<V,(e + A)- a V) 

(V,{e + X 1 )-\e + iJL)- 1 V) 

(V,(e + A 1 )- 2 (e + ^)-V> 



di log A 1 
% AT/ 2 log 



(131) 
(132) 

(133) 

(134) 



Furthermore, I will assume that \ed\ is much smaller than the width of the conduction 
band (i.e. the range of e) and I choose units so that \e<i\ <C 1. 



Ai = —Br is given by equation (|33f) 

A? m) + e d 

(iv) 



Ai 



I will need x\ as expansion parameter 



-£d 

a x g 2 log^l" 1 

2 l -2 

ai0 logp 



-7/ -| 



Ai 



.x 



(Zm) 



.r 



(mj) 



1 2 







«2 












«1 


log g 



< 1 

-77 < 1 



/«2 is given by equation fl69|) 





~ a x 1 






~ Aie 


(iv) 


~ # 2 A 



-1 / U-X-, \ Ai 



A ie 1 Wi? = 0(^,A^°) 
! ~ a^log^" 2 = 0(x?,\j) 



111 is given by equation (170 



/'i 



(id) 

^1 



-2Ai 

-2|e d 
-2Ai 



t/ + Ai 
Z7 — A a 



u 


+ \ £ d\ 


u 


- \e d \ 



(135) 
(136) 
(137) 



(138) 
(139) 
(140) 



(141) 

(142) 
(143) 



(144) 

(145) 
(146) 
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u>i2 is also an important expansion parameter, it is given by equation (|80|) 



2 1 ( 2Ai 

o> 12 ~ — 



(J>2 



W 12 



a; 



(in) 
12 



a 2 J 9 2 x\ 



C/r is given by equation ( p0|) 

C/fl = Ai - /i 2 + O 



\\x\u 2 
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For the scattering potential, I find 

K x ~ - 



1 (2Ai-/ii) 3 

"^12 



4^ 



A- 



(2m) 



A 



<P± 



± 



2 M 1 / 2 
1/02" 5 



2 V a x (log^" 2 ) 1 ^ 

/i±/ 3 
v/2 



Finally, for the spin-spin part 



A 



(lm 
AF 



(lm 



A 



(lm 

Vaf 



(lm 



X 



(iv 
AF 

(iv 



0-29 



u 



2 \U + e d 
(U + e d ) 



> 



< 
9 



u 



\e d \ 1 ' 2 \U + s d 



a 2 g 



U 



> 



fi + Oh 



A, 

<£af 



4 



h- 



a-2 



a x log flr- 



rxh 



«2 



ai log# 



(147) 
(148) 
(149) 



(150) 

(151) 
(152) 
(153) 

(154) 
(155) 

(156) 

(157) 
(158) 

(159) 

(160) 
(161) 
(162) 

(163) 
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Thus I find a strong ferro-magnetic interaction in one channel and a weak anti- 
ferromagnetic one in another channel. But one has also to take into account the 
potential scattering term 

- ^2 ^xC* a ((p x )c a (ip x )n d (164) 

<t6{T,I} 
xe{AF,F} 

whose effect is to suppress the ferro-magnetic channel. Indeed putting an electron 
in the orbital ip F with its spin aligned to the impurity one will result in an energy 
gain (from this part of the interaction) 

AE F = -X F + 4\ F x J =0 (165) 

On the other hand, putting an electron in the orbital Lp AF with its spin opposite to 
the impurity one will result in an energy gain 

AE AF = -\ AF + 4\ AF x (-^ = -2\ AF < (166) 

Therefore at low temperature one will see only the anti-ferromagnetic channel 
and the model will exhibit a Kondo effect. 

6 Computation in the general fi ^ case 

In the general case, as e — /i is no longer positive one has to go to the so-called 
particle-hole representation. Formally, this amounts to perform the change 

c a {k) i— > a a (k)0 [e(k) + b* a (k)9 [/i - e(k)} (167) 

and then do some normal ordering with respect to the a*'s and &*'s. 

Now one would like to kill the terms which are linear in a a , a*, b a or b*. One can 
still apply the two general unitary transformations U\ and U2 but then one must 
perform some normal ordering. Thus terms of order 3, 5, etc. in c a or c* will give 
some contribution to the terms linear in the a's or 6's. 

One can still use my computation of the flow of U\ and U 2 , change the c's into 
a's and 6's, do the normal ordering and set the linear terms to zero. Once again 
one will have two constraints to meet with two adjustable functions so this should 
be a priori possible, the only point is that the constraints have now much more 
complicated expressions. 

7 Conclusion 

In this paper, I showed that with the help of computer algebra it is possible to 
compute explicitly non trivial unitary transformations in Quantum Field Theory. 
For the Anderson impurity model, I succeeded in eliminating the hybridization term 
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in the slightly simplified case of zero chemical potential. This is a rigorous version of 
the well known Schrieffer- Wolff transformation. Furthermore it should be possible 
to treat the general case in the same way. 

More generally, such exact unitary transformations should be useful when one 
wants to decouple some small system with finitely many degrees of freedom from 
a background field, e.g. in dissipative systems. I expect also that one could use 
computer algebra to perform Hamiltonian conditioning. For instance, in the case 
of the Kondo problem, I am investigating the possibility of deriving explicitly the 
effective low-temperature Hamiltonian for the s-d model. This would enable some 
Renormalization Group study of the model in the low-temperature phase. 
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A Differential Flow of O ^ U 2 (t) U$(t) 



The interested reader will find here the raw material to compute the flow of my 
second unitary transformation. I put only the differential flow since the integrated 
one would be too long. 



Pi 


= 




P2 


— 


a CT [/ 2 ]*a a [/ 2 ] 


P3 


= 


aa[f2\* d a 


P, 


= 


a CT [/ 2 ] {dc)* 


Ps 


= 


Off [/2]* d a (d- a )* d- a 


P 6 


= 


a<r[M ( d <rY {d-c)* d- a 


Pi 


= 


(d a )* d a (d- c )* d — a 


Ps 


= 


a CT [/ 2 ]* a- a [f 2 \ d a (gL ct )* 


P% 


= 


a-cW a a [f 2 \ (cL CT )*eL CT 


P10 


= 


a CT [/ 2 ] a_ CT [/ 2 ]* (d a )*d- a 


P11 


= 


a-aW (d a )*d a d- a 


P12 


= 


a-a[f 2 ] (da)* d a (eL CT )* 


Pis 


= 


a_ CT [/ 2 ]*a_ CT [/ 2 ] (da)* da 


PlA 


= 


a-cW a-cW d c d- a 


Pl5 


= 


a CT [/ 2 ] a_ CT [/ 2 ] (da)* (d- a )* 


Pl6 


= 


a ff [/2]* a<r [/2] a_ ff [/ 2 ]*d_ <y 


Pl7 




a CT [/ 2 ]* aa[f 2 ] a_ CT [/ 2 ] (cL CT )* 


Pl8 




a CT [/ 2 ]*a- CT [/ 2 ]*a_ CT [/ 2 ] d CT 


Pl9 




a CT [/ 2 ] a_ CT [/ 2 ]* a_ CT [/ 2 ] (d*)* 


P20 




a CT [/ 2 ]* a ff [/ 2 ] a_ ff [/ 2 ] d CT (d-a)* 


P21 




a CT [/ 2 ]* a- ff [f 2 ]* a_ ff [/ 2 ] d CT 


P22 




a CT [/ 2 ]* a ff [/ 2 ] a_ CT [/ 2 ]* d CT 


P23 




a CT [/ 2 ] a_ CT [/ 2 ]* a_ CT [/ 2 ] (d*)* (cL CT )* d- a 


P24 




a CT [/ 2 ]* a CT [/ 2 ] (d CT )* da (d- ff )* cL CT 


P25 




a CT [/ 2 ]* a CT [/ 2 ] a_ CT [/ 2 ]* a_ CT [/ 2 ] d CT 


P26 




a- CT [/ 2 ]* a_ CT [/ 2 ] (d CT )* d CT (cL CT )* 


P27 




a<r[h\* a ff [/ 2 ] a_ CT [/ 2 ]* a_ CT [/ 2 ] (cL CT )* d- a 
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dtPi 


= 


P 5 -P Q 


d t P 2 


= 


-P 5 + Pe 


d t Ps 


= 


-P 7 + P 8 + P 9 + P u 


d t P 4 


= 


P7 — P9 ~ P10 ~ P15 


d t P 5 


= 


-P 7 + P 8 + P 9 


d t P 6 


= 


P7 — P9 — P10 


d t P 7 


= 


P5 — Pq + Pu — P\ 2 


d t Ps 


= 


— P5 + Pl2 ~ P 2 + P 2 1 


d t P 9 


= 


—P5 + P& — P 2 o + P 22 


d t Pio 


= 


P§ — P\l + P 22 — P 2 3 


d t Pn 


= 


— P7 + PlO + Pl3 


d t Pn 


= 


P7 — Ps — Pl3 


d t Pi 3 


= 


— Pll + Pl 2 + P 2 1 — P 2 3 


d t Pu 


= 


— Pl6 — Pl8 + P 2 1 + P 22 


dtPis 


= 


P\7 + -Pl9 ~~ ^20 ~~ P 2 3 


d t Pw 


= 


P\A — P 2 4 + P 2 5 


d t Pi7 


= 


— Pl5 + P 2 4 — P 2 5 


dtPis 


= 


Pl4 — P 2 6 + P 2 7 


d t Pw 


= 


— Pl5 + P 2 6 — P 2 7 


d t P 20 


= 


P 2 4 — P 2 5 


d t P 2 i 




— P 2 6 + P 2 7 


d t P 22 




— P 2 A + P 2 5 


d t P 2 s 




P 2 % — P 2 7 


d t P 2 A 




—P 2 o + -P22 


d t P 25 




P 2 o — P 22 


d t P 2e 




P 2 \ — P 2 3 


d t P 27 




— P 2 \ + P 2 3 
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Off [/l]* 0<r [/l] 

a a [fi\* d a (d- a )* cL CT - a a [fi] (d a )* (d- a )* d- a 
aAfi]* a-a[.f2\ d a (d- a )* + aAfi]* a a [f 2 ] (d- a )* gL ct + 
aAM* a Afi] (d-a)* d- a + aAfi] a_ CT [/ 2 ]* (d«r)* d-<r 

M/2]* a<r[/i] a_ CT [/ 2 ]* (4)* d a d- a 
a CT [/i]* a_ CT [/ 2 ]* a_ CT [/ 2 ] d a (d- a )* cL CT + 
a<r[/i]* a a [f 2 ] a_ CT [/ 2 ]* d CT cL CT - 
a CT [/2]* a_ CT [/ 2 ] d a (d- a )* - 

-a CT [/i]* a CT [/ 2 ] d CT (eL CT )* gL ct + 

a a [fi]* a CT [/ 2 ] a_ CT [/ 2 ]* a_ CT [/ 2 ] - 

a CT [/ 2 ]* a CT [/i] (d a )* d a (d- a )* d- a + 

aAfcT a Mi] a -v[h\* a -Ah] (da)* d a 
aAhV a Ah]* a Ah] a -Ah\ da (d-a)* + 

a-a[h\* aAfi] a-a [M o-Ah\* (d a )* d- a 
da[fi\* aa[f2[ a_ CT [/ 2 ]* a-a[f2[ (d-a)* d- c + 

a-a[f2\* aAfi] a- Ah]* a-aL/2] (d-a)* d- a 
-aAfi]* a a [f 2 ] a- a [f 2 ]* (da) * d a d- a + 

CU/2]* a Afl] a -a[f2\ (da)* d a (d_A)* 

-a CT [/ 2 ]* a a [h\* a a [f 2 ] d a (d- a )* d- a + 

^ L/2]* a ^[A] (^o-)* (rf-a)* d-a 

a a [f2\* aAfi]* a CT [/ 2 ] a- CT [/ 2 ]* a_ CT [/ 2 ] d CT (gL ct )* cL CT - 

a a [/2]* a CT [/ 2 ] a_ CT [/ 2 ]* a_ CT [/ 2 ] (da ) * (eL CT )* gL ct 
Oo-[/i]* a CT [/ 2 ] a_ CT [/ 2 ]* a_ CT [/ 2 ] (da) * d CT + 

^1/2]* a_ CT [/ 2 ]* a_ CT [/ 2 ] 
a a [fi\* <v[/ 2 ] a_ CT [/ 2 ]* a- CT [/ 2 ] (do-)* d a (d- a )* d_ CT + 

Oa[/2]* aAfi] a_Ah]* a- CT [/ 2 ] (d<r)* d CT (d-a)* d- a 
aa[f2\* a a [f 2 ] a-a[f2[* a-Afc] (da)* da (d-A* d-a 
aa[h\* aa[e[h\\ + a a [e\f\]]* aAfi] 
a CT [e[/i]]* du (d-a)* d- a - a a [e[fi]] (da ) * (d-A* d-a 
aa[h\* aa[e[h\\ (d- c )* d- c + a CT [e[/i]]* a_ CT [/ 2 ] d CT (eL CT )* + 

a CT [e[/i]]* a CT [/ 2 ] (cL CT )* cL CT + a CT [e[/i]] a_ CT [/ 2 ]* (da )* d- 
aa[f2\* aa[e[h\\ a_ CT [/ 2 ]* d a cL CT - 

a CT [e[/i]]* a CT [/ 2 ] a_ CT [/ 2 ] (da ) * 
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-a a [f 2 ]* a CT [e[/i]] a_ CT [/ 2 ] d CT (cL a )* + 
a CT [e[/i]]* a_ CT [/ 2 ]* a_ CT [/ 2 ] d a (d- a )* cL CT + 
« CT [e[A]]* a a [f 2 ] a_ CT [/ 2 ]* d CT cL CT - 
a<r[e[/i]] a_ CT [/ 2 ]* a_ CT [A] (oL CT )* cL CT 

a^LA]* a CT [e[/i]]* a CT [/ 2 ] a- a [f 2 ] d a (d- a )* + 
a<x[A]* a a [e[f\}} a a [f 2 ] a_ CT [/ 2 ]* gL ct 

a CT [A]* a CT [e[/i]] d CT (cL CT )* gL ct + 
« CT [e[A]]* <UA] (d CT )* d a (d_ a )* d_ a 

a a [f2\* a a [e[fi]] a_ CT [A]* a_ CT [/ 2 ] ((A)* d CT + 
a CT [e[/i]]* a CT [/ 2 ] a_ CT [A]* a_ CT [/ 2 ] (d CT )* d a 

<UA]* a CT [e[/i]] a_ CT [A]* a_ CT [/ 2 ] (cL CT )* cL CT + 
a CT [e[A]]* a CT [A] a_ CT [/ 2 ]* a_ CT [/ 2 ] (cL CT )* cL CT 

-a CT [/ 2 ]* a CT [e[/i]]* a CT [/ 2 ] d CT (cL CT )* cL CT + 
aAhV a A e lh}} MA] {d a )* (d- a )* d — u 

a CT [A]* a CT [e[/i]]* MA] a-Ah\* a-<r[A] d ° (d-a)* d -« ~ 
a CT [A]*a CT [ e [A]] a a [f 2 ] 

a- CT [/ 2 ]* a- CT [A] (d a )* (d- a )* cL CT 
a CT [e[/i]]* a_ CT [A]* a-<x[A] d CT d- a - 

a CT [e[/i]] a_ CT [/ 2 ]* a_ CT [/ 2 ] (d a )* (d- a )* d- a 
a CT [A]* a-<x[A]* a_ CT [A] (d a )* d a (d- a )* cL CT + 

a CT [e[/i]]* a CT [A] a_ CT [/ 2 ]* a_ CT [/ 2 ] (d CT )* d CT (cL CT )* cL CT 
a CT [/i] 

-a CT [/i]* a_ CT [/i]* a_ CT [/i] d CT (cL CT )* gL ct - 
MA]* MA] a-<r[/i]* (M* d a d — Q- + 
MA]* MA] a MA] (M* <A + 
MA] (M* (d-a)* d- a 

a-a[h\* a-a[fi] (d a )* d a (d- a )* cL CT + 
MA]* MA] (d a )* d a (d-a)* d- a 

a a [fi\* a-a[fi\* a-a[fi] «MA] d a (d- a )* + 
MA]* MA] a-a[fi\* a- a [f 2 ] (d a )* d a + 
MA]* a a [fi] a- a [f 2 ]* aMA] (d CT )* d CT + 
MA]* MA] MA] a- a [h\* (d a )* d-a + 

MA]* MA] a-a[fl\* d-alfl] (d-a)* d-a + 

a a [A] * MA]* MA] a- CT [A] d CT (d- CT )* + 
MA]* MA] a-a[A]* a-<r[/i] (Mr)* d-a + 

0(7 [A] a- CT [A]* a MA]* 0,-alfl] (da)* d-a 
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-a-^t/i]* o_ ff [/i] a_ CT [/ 2 ] (<Z ff )* d CT + 

a- CT [/ 2 ]* 0- ff [/l] (<k)* ^ d-tr + 





fi 


* a„ \ A 1 a_~ [ fo] * (d„) * d„ d-„ — 

(J \_J _L J — L> ZJ \ U / u u 


a a 


fi 


* a a \fi \ a^Jfo] {d„Y d„ (d_„)* — 


a a 


fi 

.J J- 


* au[ fi] arr\ fo] (da)* (d-o-)* d-rr + 

D LJ J- J L' \_J J V / \ C / C 1 


a a 


h 

. j z 


* a -cr ffll* «-crffll cL (d-cr)* GL<T + 
c LJ J-J L» J.J L» \ u / u 1 


Oo- 


h 


* a>a[fi]* ciJfi] d a (d- a )* d- a — 


Oct 


h 

j z 


Cl-alflT 0>-a\fl\ (<^rr)* (rf-rr)* ^-rr 

— L«/ _LJ CJ \_J J. J \ (J / \ (J / U 


Cla \ fl 1 * 

u lj J-j 




T [f~\]* Cl-Afo] drr (d-rr)* d-a + 


Oct 


fi 

.<> J- 


a n \ fo] a- n \ fl 1 (drr)* d„ d^„ — 


Oct 


h 

j z 


* flo-ffll «-0"ffll (dcrT drr (d-rrY ~ 


a CT 


'fi 


<3-rrff2l* A-rrffll (drr)* (d-a) d-rr 


flrr [ fl I * 

U IJ J_J 


a a \ 


fll ttAfo] fl-rrffll* [ f 2 l (d a T (d-a)* cL a + 




fi 


* flo-ff2l o_ CT [fil* a_o-[fil a-o-ff^l (rfo-)* do- (d-a)* — 

U IJ ZJ U U _LJ C J_ J L» [ J ZJ y U / U \ / 


a a 


h 


* Ctrrffll* O-rr [ f 1 1 a_„ f f^l * fl-rrffll ^rr (d-a) d-rr ~ 
u [j ij "'o [j ij ^ (j |_j zj ^cl^ij lJ\ w y o 


a a 


h 

j z 


* a„ \ A 1 ci-„ \ fo] * a_„ \ A 1 * ci-rr [f\] (da)* d„ d-rr 

(J \_J _L j — C |_,/ zj — L> J. J (J \_J ±J \ (J / "^CJ u 


&o\ fi\* 

U IJ J-J 


a_ ( 


T [ fol * Cl-a\fl\* CL-a[fl] Cl-a[f"2 \ d a (d-a)* d- a — 

> IJ zj u ij j. j u lj _lj u lj zj u \ u / u 


a a 


fi 

.•J J- 


* a a \fl] Cla[f2 \ Cl-a\f^* O-o-ffll (da)* (d-a)* d-„ + 


a a 


fi 


* Cirri fo] [ fol * Cl-a[fl]* Cl-a[fl] (d a Y drr d-rr + 
u ij zj u u zj L» LJ J-J c L«/ A J V u / u u i 


a a 


7*2 


* Cla[f-\V Oo-ffll Cl~a[f\V Cl~a[f2\ d„ (d_„)* d-„ + 
u LJ J-J u LJ J-J u \_J J-J — " \_J &\ o \ c / o 1 


a a 


72 


Of-fT f fl 1 * f f 1 1 <Vf f2l O-o-f fll* (da)* da d-„ — 
v |_j -Lj l» Lt/ J-J u \_J ^ J w |_j J.J v u / u u 


a a 


h 


* Cia[flY Cl a [fl] Cl a [fo] Cl-a[fl] (d a )* d a (d- a )* — 

u l J J- J l» l J J- J u YJ ^ \ ( -'L«/J-J \ u / u \ u / 


a a 


h 

j z 


* Cla\fl\ Cl-a[f\]* O-o-ffll 0--a[f2\ (d„)* d a (d-„)* — 
o lj J-J o [j ij o lj J-J v yj zj v o j u \ u / 


a a 


h 


CZ_ CT [ fol * Cl- a [fl]* CL~a[fl] Cl-a[f2 \ (d a )* (d-a)* d- a 

v \_J zj u lj J-J w [j ij u lj zj \ u / \ u / v 


a Jfo] 


(l 


a\fXa Jf\] O „ f f 9 l ( daY d„ + 


a a 


[fi 


* a CT [/i] a_ CT [/ 2 ]* a_ CT [/ 2 ] {da)* d a + 


a a 


[fi 


* a CT [/i] a a [f 2 ] a-a[f2[* {d a )* d- c + 


a a 


[/ 2 


* a-*[fi\* a-a[fi] a-a[f 2 ] d a {d- a )* + 


a a 


[h 


* a a [fi\* a a [fi] a-a[f 2 ] d a {d- a )* + 


a a 


[/2 


* a,a[fi\* a a [fi] a a [f 2 ] {d-a)* d-a + 


a a 


[/2 


* a a [f 2 ] a-a[fi\* a-a[fi] {d- a )* d- a + 


a a 


[/2 


Cl-a[h\* CL-a[fl]* Cl-a[fl\ {d a )* d- c 



a- a [fl\* a-a[f 2 ] {da)* d o {d-a)* d-a + 

a-a[f 2 ]* CL-a[fl] {da)* d a {d-a)* d -a 
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#38 = a a [fi]* a a [f 2 ] a- a [fi]* a- a [f 2 ] (d- ff )* d- a + 
a a [fi\* a a [f 2 ] a_ CT [/i]* a_ CT [/ 2 ] (d a )* d a + 
aAM* a Afi] a -a[.f2\* a-a[fi] (d- a )* d- a + 
a-Ah\* a_ CT [/ 2 ]* (d CT )* da 

#39 = a«r[/i]* a<r[/i] a<r[/2] a-aL/2]* a-a[/i]* a~Ah] (da)* d- a + 
a a [hY a<j[h\* a-Afi] a_ ff [/ 2 ]* a_ ff [/i] 
a-<r[/2] ^ (cL CT )* + a CT [/ 2 ]* a CT [/i]* a a [f 2 ] 
a-Afi}* a -Afi] a -Af2] d a (d_ CT )* + 
a<r[hY a CT [/i] a CT [/ 2 ] a- Ah]* a_ CT [/i]* a_ ff [/i] (d CT )* d_ CT 

#40 = o-AfiT a Afi] a -AfiT a -Ah] {d a )* d a (d_ a )* d_ a + 

0>a[fl\* a<j[fl] a-ert/2]* a-ff[/l] (O* d «r d-a + 

0<r[/l]* a<r[/2] Cl-a[fl\* O-af/l] (d CT )* d CT (cL CT )* cL CT - 

a«r[/i]* Oa[/2] a_ CT [/ 2 ]* a_ ff [/i]* a- CT [/i] 

a-a[/2] d CT - a CT [/ 2 ]* a ff [/i]* a ff [/i] a CT [/ 2 ] 
a-a[/i]* a_ CT [/ 2 ] (cL CT )* gL ct - a a [f 2 ]* aAfi]* 
aAfi] a- Ah] a_ CT [/ 2 ]* a- ff [fi] (d-a)* d_ CT + 

«a[/2]* a<r[h] a -a[/l]* O-at/l] (da)* d CT (cL CT )* cL CT - 

«a[/2]* a_ CT [/ 2 ]* a_ ff [/i]* a_ ff [/i] a- CT [/ 2 ] (d CT )* d a 
#4i = o<t[/i]* a CT [/ 2 ] a- a [fi\* a-Afc] (da)* d CT (d_ CT )* d- a + 

cU/ 2 ]* a ff [/i] a-a[/2]* a-a[h\ ( d a)* d a (d_ CT )* cL CT 
#42 = a <T [/i]*a <y [/2]a_ <y [/ 2 ]* 

a-a[/i]* a-o-[/i] a- a [f 2 \ (d- a )* gL ct + 

a<r[/2]* a-Afi}* a Afi) a Ah] a-a[fi\* a-Afz] ( d a)* d a + 

aAh]* a a [fi\* aAfi] a a [f 2 ] a_ CT [/ 2 ]* a- ff [fi] (da)* d CT + 

aa[/2]*aa[/i] a_ CT [/ 2 ]* 

a-<r[/l]* a-aLfl] a-<r[/2] (d- CT )* d — fj 

#43 = -a_ CT [/ 2 ]* a_ CT [/i]* a-Afi] a -Ah] (da)* d CT (cL CT )* d- a + 

a<r[/l]* a a[/2] a-ff[/2]* 0>-Afl] (da)* d a (d — a ) * d — a ~ 
aAfcY a AhT a Afl] a Afc] (da)* da ( d — a ) * d — fj + 

<U/2]* a-Afi\* a -Ah] (da)* da (d_a)* d-a 
#44 = a-Ah]* a_ CT [/i]* a-Ah] ( d A* d a d- a - 

a-Ah]* a-Afi\ a -Af2] (da)* d a (d- a )* + 
a-AhY a -AfiT a -Ah] da (d-a)* d_ CT - 

aAM a -AhY Ct-aifl] (da)* (d-a)* d- a 
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#45 = aAhY a -AhY a -MiY a -Ah] a -Ah] d <? ( d -*)* d -<r + 
a a [h]* a ff [/i]* a ff [/i] a CT [/ 2 ] a_ CT [/ 2 ]* d CT d- a - 
a CT [/ 2 ]* a ff [/i]* a CT [/i] a a [f 2 ] a-Ah] d CT (cL CT )* - 
a CT [/ 2 ] o- ff [/2]* a_ CT [/i] a-Ah] (cL CT )* cL CT 

#46 = a CT [/ 2 ]*a_ CT [/ 2 ]*a_ CT [/i]d CT (d_ CT )*cL CT - 

a CT [/ 2 ] o- ff [/i]* a-a[/ 2 ] (d a )* (d-a)* d-„ 

#47 = aAh]* a a [f 2 ] a-AhY a_ ff [/i]* a_ CT [/ 2 ] d CT cL CT + 

a CT [/ 2 ]* aAfi]* a a [f 2 ] a-AhY a-Ah] (cL CT )* cL CT - 
a CT [/ 2 ]* a CT [/i] a-o-L/y* a- CT [/ 2 ] (4-)* d CT (cL CT )* - 

a CT [/ 2 ]* <U/ 2 ] a-a[/ 2 ]* a -a[/i] (^)* (d-a)* d-a 

#48 = « CT [/ 2 ] a-a[/ 2 ]* a-aL/2] (d<r)* (d-a)* d_ CT + 

a CT [/ 2 ]* a CT [/i]* a CT [/i] a-aL/2]* a_ CT [/ 2 ] (aL CT )* oL CT - 
a CT [/ 2 ]* a CT [/ 2 ] a-a[/i] a_ CT [/ 2 ] (d a )* d a (d- a )* + 

a a [hY a CT [/ 2 ] a_ CT [/ 2 ]* a_ CT [/i]* a_ CT [/i] (d CT )* d a d- a 
#49 = a a [fi\ a- a [f 2 }* a_ CT [/i]* a_ CT [/ 2 ] (d CT )* <i CT cL CT + 

a CT [/i]* a CT [/i] a-^L/y* a -a[/i] a_ CT [/ 2 ] (d CT )* d CT (d_ CT )* - 
a CT [/ 2 ]* « CT [/ 2 ] a-a[fi\* o-a[fi] d a (d-a)* d- a + 

a a [h]* « CT [/ 2 ] ((i CT )* (cL CT )* cL CT 

#50 = <V [f 2 \ * a a [/i] * a CT [/i] a CT [f 2 ] a_ CT [/ 2 ] * a_ CT [/i] * 

a- a [h] d CT d_ CT - Otr [/2]* 

a CT [/ 2 ] a-Ah]* a- Ah] a-<r[/2] (d CT )* d CT (d_ CT )* + 
a CT [/ 2 ]* a ff [/i]* a CT [/ 2 ] a_ CT [/ 2 ]* o- ff [/i]* o-«r[/i] 

a-aL/2] d CT (d-a)* d- a - a a [f 2 }* aAh] a a [f 2 ] 

d-Ah]* a -Afl]* a -a[fl] «- CT [/ 2 ] {d„)* (d- a )* d- a 

#51 = -a Ah]* a Ah] a Ah] a- Ah]* a -Ah] (da)* (d-a)* d- a + 
a-AhY aAh] a-Ah]* a -AhY a-Ah] (da)* d a d- a + 
aAh]* a a[fi]* aAh] a-Ah]* a -Ah] d a (d-a)* d- a - 
a a [h]* a a [fi] a-AhY a -Ah] a -Ah] (da)* d a (d- a )* 

#52 = aAh]* aAh] a-Ah]* a-Ah] a-Ah] (da)* d a (d- a )* - 

aAh]* a a [fi]* aAh] a-Ah]* a-Ah] d a (d-a)* d- a - 
aAh]* a Ah] a-AhY a -AhY a-Ah] ( d a)* d a d- a + 
aAh]* a Afi] a Ah] a-Ah]* a-Ah] (da)* (d-a)* d- ff 

#53 = aa[f 2 ]* a-a[f 2 ]* a- a [fi] a-Ah] d a (d- a )* + 

aAh]* a a [h] o- ff [/i]* a-Ah] (d-a)* d- a + 
a a [h]* aAh] a-AhY a -Ah] ( d -a)* d- a + 
a a [h] a-AhY a-AhY a -Ah] (da)* d- a 
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#54 = a- a [f 2 ]* a-alfx]* a- ff [fi] a- a [f 2 ] (d a )* d a (d_ a )* d_ a + 

a«T [/2]* a*[h\* a Afi] a Ah] {da)* d a (gL ct )* d_ CT 
#55 = a CT [/ 2 ]* a a [fi]* a a [fi] a CT [/ 2 ] a_ CT [/ 2 ]* a- CT [/ 2 ] (d CT )* 4 + 

a«r [/2]* a<r [/2] a_ CT [/ 2 ]* 

a- a [fi\* a- ff [fi] a- a [f 2 ] (d_ CT )* d_ CT 
#56 = a CT [/ 2 ]* a CT [/ 2 ] a_ ff [/i]* a_ ff [/ 2 ] (d CT )* ^ ( d -<r)* + 

a CT [/ 2 ]* a CT [/ 2 ] a_ CT [/ 2 ]* a_ CT [/i] (d CT )* d CT (d_ CT )* d_ CT 
#57 = <U/2]* a<r[/i]* a<r[/i] a a [/ 2 ] a_ CT [/ 2 ]* a_ CT [/ 2 ] (d_ a )* d_ CT + 

a ff [/2]* a CT [/ 2 ] a_ CT [/ 2 ]* a_ ff [/i]* a_ CT [/i] a_ CT [/ 2 ] (d CT )* d CT 

#58 = a<r[/l]* a_ CT [/ 2 ]* O-fft^] d a {d- a )* d_ CT + 

a<r[/2]* a ff [f 2 ] a-a[fi\* a-*[fi] {da)* d a (d_ CT )* d- a 
#59 = da[h\* a a[fi] a-a[fi\* a- a [h] (d CT )* d CT (d_ CT )* d_ CT + 

a<r[/i]* a<r[/i] a_ CT [/ 2 ]* a_ ff [/i] (d CT )* d CT (d_ CT )* d- a + 
a<r[/i]* Qo-[/2] a_ CT [/i]* a- a [fi\ {da)* d/j (d_ CT )* d_ CT + 
a*[h]* a*[fi] a-a[fi]* a-a[h] {da)* d/j (d_ CT )* d_ CT 
#60 = a CT [/i]*a (T [/ 2 ]a_ (T [/ 2 ]*a_ CT [/i]*a_ CT [/i]a_ CT [/ 2 ] 

{d<j ) * d CT (d-a)* d-a + a CT [/ 2 ]* Go- [/if a CT [/i] 
a<r[/2] a-«r[/i]* a-<r[/2] {da)* d a {d-a)* d — (j + 
OaL/y* a ff [/i] a CT [/ 2 ] a_ CT [/ 2 ]* a_ CT [/i] 

(d CT )* d CT (d_ CT )* d_ CT + a CT [/ 2 ]* a ff [/i] a_ CT [/ 2 ]* 
o-at/i]* a_ CT [/ 2 ] (d CT )* d CT (d_ CT )* d_ CT 

#6i = a a [f 2 ]* a a [fi\* a a [fi] a a [f 2 ] a_ CT [/ 2 ]* a_ CT [/ 2 ] 

(d CT )* d CT (d_ CT )* d_ CT + a CT [/ 2 ]* a CT [/ 2 ] a_ CT [/ 2 ]* 
a_ CT [/i]* a- a [fi\ a- a [f 2 ] (d CT )* d CT (d_ CT )* d- a 
#62 = a CT [/ 2 ]* Oo-[/i]* aa[h\ a- Ah]* a.^/i] a_o-[/ 2 ] d CT (d_ CT )* + 

a<r [/2]* a ff [/ 2 ] a--a[h]* a_ ff [/i]* a- CT [/ 2 ] (d CT )* d_ CT 
#63 = a CT [/ 2 ]* a CT [/ 2 ] a_ CT [/ 2 ]* a- Ah]* a- Ah] {da) * d a d_ CT - 

a«T [/2]* a«r[/2] a_ CT [/ 2 ]* a_ CT [/i] a_ CT [/ 2 ] (d CT )* d CT (d_ CT )* 
#64 = -a <T [/i]*a_ ff [/i]*a_ (7 [/i]d (7 + a <T [/i]a_ ff [/i]*a_ (7 [/i] (d CT )* 
#65 = a ff [fi]* a- [fi]* d ff d- ff + a^h] a- ff [fi] (d CT )* (d_ CT )* 
#66 = a_ CT [/i]*a_ CT [/i] (d CT )*d CT (d_ (J )*d_ (T 

#67 = a<r[/l]* a-«r[/l]* O-fff/l] a_ CT [/ 2 ] d CT (d_ CT )* + 

a«r[/l]* a a[/ 2 ] a-«r[/l]* O-at/l] d_ CT + 

a CT [/ 2 ]* a a [fi] a-a[h\* a-Ah] {d- a )* d- ff + 
a>a[h\ a-Afil* a -a[fi]* a-a[h\ {da)* d — a 

#68 = a a [fl\* a- a [f2\* a-a[fl\* a-a[fl] dad-a + 

aa[fl\ a-a[fl]* CL-a[h\ a-a[f2\ {da)* {d-a)* 
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#69 = -a-a[h\* a-*[fi\* a- a [f 2 ] d a - 

a a [fi\* a a [f 2 ] a- a [fi\* d- a + a a [f 2 ]* a a [fi] a_ CT [/i] (eL CT )* + 
a_ CT [/ 2 ]*a_ CT [/i] (da)* 
R 70 = -a_ a \}\}* a_ CT [/i] a_ CT [/ 2 ] d ff (eL CT )* + 

a-aL/2]* a_ CT [/i] (d CT )* d CT gL ct + 

M/2]* 4 (d-a)* cL CT - 

a a [f2] a- a [fi\* a_ CT [/i] (d CT )* (cL CT )* gL ct 
#71 = a (7 [f 1 ]*a_ a [f 1 ]*a_ a [f 1 ]d (7 (d_ a )*d^ a - 

a a [fi] a-alfc]* a_ CT [/i] (d CT )* (cL CT )* gL ct 
#72 = a CT [/i]*a_ CT [/i]*a_ CT [/ 2 ] d CT (d_ CT )*oL CT - 

a CT [/i] a_ CT [/ 2 ]* a_ CT [/i] (d CT )* (gL ct )* gL ct 
#73 = a CT [/2] a_ CT [/i] a_ CT [/ 2 ] (d a )* d a (gL ct )* + 

a CT [/2]* a-a[/2]* (d CT )* d CT gL ct 

#74 = a (7 [/i]*a_ CT [/ 2 ]*a_ .[/i]*a_ (7 [/i]a_ (T [/ 2 ]c? (T (d_ .)*c/_ .+ 

da[fi\* a a [f 2 ] a- a [f 2 ]* a_ CT [/i]* a_ CT [/i] d CT gL ct - 

«a[/2]* a_ CT [/i] a_ CT [/ 2 ] d CT (eL CT )* - 

a CT [/i] a_ CT [/ 2 ]* a_ CT [/i]* a_ CT [/i] a_ CT [/ 2 ] (cL CT )* gL ct 

a a [f 2 ] a_ CT [/ 2 ]* a_ CT [/i]* a_ CT [/i] cL CT + 
Mis:]* a <r[/i] a- a [f 2 ] (d- a )* + 

a a [fi] a- a [f 2 \* a_ CT [/i]* a_ CT [/i] a_ CT [/ 2 ] 

#76 = a<r[/i]* a-o-[/2]* a_ CT [/i]* a_ CT [/ 2 ] d a d- a + 
a CT [/2]* a<r[/i]* aaL/2] d CT cL CT + 

a CT [/2]* a CT [/i] a CT [/ 2 ] a_ CT [/i] (gL ct )* + 
a CT [/i] a_ CT [/ 2 ]* a_ CT [/i] a_ CT [/ 2 ] (gL ct )* 

#77 = a-a[/2]* a_ CT [/i] a_ CT [/ 2 ] (d CT )* d a + 

aa[f2[* a_ CT [/i] a_ CT [/ 2 ] d CT (cL CT )* + 

a CT [/2]* a a [f 2 ] a_ CT [/i]* a_ CT [/i] (cL CT )* cL CT + 
a CT [/ 2 ] a_ CT [/ 2 ]* a_ CT [/i]* a_ CT [/i] (d CT )* gL ct 

#78 = a (T [/ 2 ]*a_ CT [/ 2 ]*a_ CT [/i]*a_ (T [/i]a_ (T [/ 2 ](i (T ((i_ CT )*o?_ CT - 

a a [f2] a- a [f 2 ]* a_ CT [/i]* a_ CT [/i] a_ CT [/ 2 ] (d CT )* (cL CT )* cL CT 

.Rrg = -a a [f 2 \* a a [f 2 ] a_ CT [/i]* a_ CT [/i] a_ CT [/ 2 ] d ff (cL CT )* + 
a CT [/2]* a a [f 2 ] a_ CT [/ 2 ]* a_ CT [/i]* a_ CT [/i] (d CT )* d a gL ct 

#80 = <U/ 2 ] a_ CT [/i]* a_ CT [/ 2 ] (cL CT )* cL CT + 

a CT [/2]* a CT [/i] a-aL/2]* a- CT [/i] (d-a)* cL CT 

#8i = o«T[/2]*o«T[/i]*a«T[/2] a-AhY a -v[h\ 0-a[/2] ^(rf-^)* + 
a CT [/2]* a CT [/i] a CT [/ 2 ] a_ CT [/ 2 ]* a_ CT [/i]* a_ CT [/i] ((i CT )* 
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o-c[h\* a a [f 2 ] a- a [f 2 ]* a-«r[/i] a-aL/2] (d CT )* d * + 

a CT [/ 2 ]* a a [fi] a- ff [f 2 ]* a_ ff [/i]* a_ ff [/i] a_ CT [/ 2 ] (d CT )* d CT 
a«r[/i]* a a[/2] a_ ff [/i]* a_ CT [/i] (d CT )* d CT (d-ff)* d-a + 

a<r [/2]* a-at/i] (4)* d CT (d_ CT )* d_ CT 

a<r[/i]* a«r [/2] a- CT [/ 2 ]* a-<r[/i]* 

a-at/i] a- CT [/ 2 ] (d-a)* d_ a + a CT [/ 2 ]* a ff [/i] 
a-aW a- [fi]* a_ CT [/i] a_ CT [/ 2 ] (d_ CT )* d- CT 
-a- CT [/ 2 ]* a_ ff [/i]* a_ CT [/i] a_ CT [/ 2 ] (d a )* d a (d_ CT )* d_ CT + 

a<j[h\* a a [fi\* a ff [fi] a a [f 2 ] (d a )* d a (d_ CT )* d_ CT 
a<r[/i]* a-<r[/2]* a-at/i]* a- CT [/ 2 ] d CT d_ CT + 

a<r[/i] a-ff[/2]* a-«r[/i] a_ CT [/ 2 ] (d CT )* (d- CT )* 
a CT [/ 2 ]* a ff [/i]* a CT [/ 2 ] a_ CT [f 2 ]* a-a[h\* a~a[fi] d a d_ CT + 

a<r [/2]* a ff [/ 2 ] a_ ff [/i]* 
a_ CT [/i] a_ CT [/ 2 ] (d CT )* (d_ CT )* 
-a«r[/i]* a CT [/ 2 ] a_ CT [/ 2 ]* a_ CT [/i]* a_ CT [/ 2 ] d_ a - 

a CT [/ 2 ]* a ff [/i]* a CT [/ 2 ] a-<r[/i]* a-aL/2] d CT + 

a CT [/ 2 ]* a ff [/i] a_ CT [/ 2 ]* a_ ff [/i] a- CT [/ 2 ] (d_ CT )* + 

a CT [/ 2 ]* a ff [/i] a CT [/ 2 ] a_ a [/ 2 ]* a_ ff [/i] (d CT )* 
a-a[/ 2 ]* a-at/i]* a-aL/2] (d CT )* d a (d_ CT )* d_ a - 

a«T [/2]* a<r [/2] a- a [f 2 ]* 

a-*[fi\* a- ff [fi] a- ff [f 2 ] (d_ CT )* d_ CT 
-a CT [/ 2 ]* a CT [f 2 ] a_o-[/i]* a_ CT [/i] (d a )* d a (d_ CT )* d_ CT + 

a CT [/ 2 ]* a CT [/ 2 ] a- CT [/ 2 ]* a_ ff [/i]* a_ ff [/i] a_ ff [/ 2 ] (d CT )* d CT 
-Oo-[/i]* a CT [/ 2 ] a- a [f 2 ]* a_o-[/i]* a_o-[/ 2 ] (do-)* d CT d_ CT + 

Oo-[/2]* a<r[/i] a- CT [/ 2 ]* a_o-[/i] a_o-[/ 2 ] (do-)* d CT (d_ CT )* 
a CT [/ 2 ]* a ff [/i]* a CT [/ 2 ] a_ ff [/i]* a_ ff [/i] d a (d_ CT )* d_ a - 

a CT [/ 2 ]* a<r[fi\ Oa[/ 2 ] a_o-[/i]* a_o-[/i] (do-)* (d_ CT )* d_ CT 
a CT [/ 2 ]* a ff [/i]* a CT [/ 2 ] a_ CT [f 2 ]* a_ CT [/i]* a_ CT [/i] 

a-o-L/2] d CT (d_ CT )* d_ CT - a CT [/ 2 ]* a CT [/i] a a [f 2 ] 
0.-M2]* a -Afi]* a -Afi] a -a[/ 2 ] (d a )* (d- a )* d_ a 
-a a [fi]* a a [f 2 } a- a [f 2 ]* a_ ff [/i]* a_ ff [/i] (do-)* d CT d_ CT + 

a«T [/2]* a ff [/i] a-<r[/i]* a-a[fi] a-AJd {da)* d a (d_ CT )* 
-a CT [/i]* a CT [/ 2 ] a_ CT [/ 2 ]* a_ ff [/i] a_ ff [/ 2 ] (d a )* d a (d_ CT )* + 

a CT [/ 2 ]* a a [fi] a- a [f 2 ]* a_ CT [/i]* a_ CT [/ 2 ] (d CT )* d CT d_ CT 
a<r[/2]* a ff [/2] a-at/i]* «-<r[/i] (d CT )* d a (d_ CT )* d_ CT 
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#97 = aAh]* aAh] a-Ah]* a-Ah]* a-Ah] a-Ah] 

d CT (cL CT )* cL CT + a a [f 2 ]* a a [fi] a-Ah]* 
a-Ah]* a-Ah] a_ CT [/ 2 ] (d CT )* d CT (cL CT )* d- a 
-Rgs = a CT [/ 2 ] * a a [f 2 ] a_ CT [/ 2 ] * 

a-<r[/i]* a-aL/2] (e^)* d a (d- a )* cL CT 

i? 99 = -aAh]* a CT [/ 2 ] a_ CT [/ 2 ]* a-aL/2] gL ct + 

o CT [/2]* a CT [/i] a- CT [/ 2 ]* a-Ah] a_ CT [/ 2 ] 
-R100 = «a [/2] * a CT [A] * a a [f 2 \ a_ a [f 2 \ * 

a- a [fi\* a-Ah] a_ CT [/ 2 ] d CT - a a [f 2 ]* aAh] 

aAh] a-Ah]* a -Afi}* a -Ah] a -Ah] (da)* 

R101 = a a [h]* a a [h]* a a [h] a_ a [h]* a_ a [h]* a_ a [h] d a d_ a + 
a a [h]* a a [h\ a Ah] a- a [h]* 

-R102 = <v[A]* d CT (cL CT )* + a CT [/i] a_ CT [/i]* d- a 

#103 = a-o-f/i]* (rfa)* d a d — (j - a_o-[/i] d CT (cL CT )* 
#104 = a Ah]* a- Ah]* a- Ah] da (d- a )* d- a - 

a Ah]* a Ah] a- Ah] (da)* d a (d- a )* + 

daih]* CLa[h\ a -AhT (da)* d a d- a - 

a a [h] a -Ah\* a-Ah] ( d a)* (d-A)* d- a 

R105 = a-a[h]* a -Ah](da)* da + a-a[h]* a -Ah](da)* da + 

aAh]* a-Ah] d a (d-a)* + a-Ah] a~Ah]* (da)* d- a 

R106 = a-Ah]* a-a[h]* a-Ah] a-Ah] d a (d- a )* + 

a a [fi]* aAh] a-Ah]* a- a [h] (d- a )* gL ct + 
a a [fi]* aAh] a-Ah]* a- a [h] (d a )* d a + 
a a [h]* aAh]* aAh] a-Ah] d a (d-A)* + 
a a [h]* aAh] a-Ah]* a- a [h] (d-A* d- a + 
a a [h]* a a [h] a-Ah]* a -Ah] (da)* d a + 
a a [h]* aAh] aAh] a- a [h]* (d a )* d- a + 
a a [fi] a-Ah]* a -AhT a -Ah] (da)* d- a 

R107 = aAh]* a- a [h]* a- a [h] d a (d- a )* d- a - 

a a [h] a-Ah]* a- a [fi] (d a )* (d- a )* d- a 

Rios = aAh]* aAh] a- a [h]* (da)* d a d- a - 

aAh]* aAh] a-Ah] ( d a)* d a (d-A* 

R109 = aAh]* a a [h] a- a [fi]* a-Ah] (d-a)* d- a + 
aAh]* aAh] a~Ah]* a-Ah] (d-A* d -a 

Rno = aAh]* aAh] a-Ah]* a-Ah] (d a )* d a + 
a a [h]* aAh] a~a[h]* a- a [fi] (da)* d a 



28 



a<r[/l]*a<r[/l] (d-a)* d-a 

a-a[h\* a Ah) a -v[h\* {da)* d a d- a - 

aAfi]* a*[fi] a-ff[/2] (da)* d c (cL CT )* 

aAfi]* a ff [fi] a a [f 2 ] a_ CT [/ 2 ]* (d a )* cL CT + 
a*[h\* a a [fi\* a a [fi] a_ ff [/ 2 ] d a (cL CT )* 

a«r[/l]* <U/l] K)* rfa (d-<r)* ~ 

a«r[/i]* a«r[/i] a_ CT [/ 2 ]* a_ CT [/ 2 ] d CT 



-a«r[e[/2]]* d CT (d-«r)* d- a + a CT [e[/ 2 ]] (eL CT )* d_ a 
a<r[M* a *Hf2]\ (d-a)* d-a + a CT [e[/ 2 ]]* a_ CT [/ 2 ] d CT (cL CT )* + 

a CT [e[/ 2 ]]* a CT [/ 2 ] (cL CT )* gL ct + a CT [e[/ 2 ]] a_ CT [/ 2 ]* cL CT 
a CT [/ 2 ]* a CT [e[/ 2 ]] a_ CT [/ 2 ]* (tZ ff )* d CT cL CT - 

a CT [e[/ 2 ]]* <v[/ 2 ] a_ ff [/ 2 ] (d a )* d a (cL CT )* 
-a a [f 2 }* a a [e[f 2 }] a_ CT [/ 2 ] d CT (cL CT )* + 

a CT [e[/ 2 ]]* a_ CT [/ 2 ]* a_ CT [/ 2 ] d CT (cL CT )* cL CT + 

Qo-[e[/ 2 ]]* a CT [/ 2 ] a_ CT [/ 2 ]* (d a )* d a d- c - 

a CT [e[/ 2 ]] a- CT [/ 2 ]* a_ CT [/ 2 ] 
aa[f2[* a a [e[f 2 ]}* a a [f 2 ] a- a [f 2 ] d a (gL ct )* + 

a CT [/ 2 ]* o CT [e[/ 2 ]] a CT [/ 2 ] a_ CT [/ 2 ]* cL CT 
-a CT [/ 2 ]* a CT [e[/ 2 ]] (d a )* d a (d-a)* d- a + 

a CT [/ 2 ]* a CT [e[/ 2 ]] a_ CT [/ 2 ]* a_ CT [/ 2 ] d a - 

a CT [e[/ 2 ]]* a ff [/ 2 ] (d ff )* d CT (cL CT )* cL CT + 

a CT [e[/ 2 ]]* a a [f 2 ] a_ CT [/ 2 ]* a_ CT [/ 2 ] (d ff )* d CT 
a CT [/ 2 ]* a CT [e[/ 2 ]] a_ CT [/ 2 ]* a_ CT [/ 2 ] d- a + 

a CT [e[/ 2 ]]* a CT [/ 2 ] a_ CT [/ 2 ]* a_ CT [/ 2 ] (cL a )* cL CT 
-a CT [/ 2 ]* a CT [e[/ 2 ]]* a a [f 2 ] d a (cL CT )* d_ a + 

UoW a ff [e[/2]] «a[/2] (d(j ) * (cL CT )* gL ct + 

a ff [/2]* aa[e[/ 2 ]]* a ff [/ 2 ] a- CT [/ 2 ]* a_ CT [/ 2 ] d CT (cL CT )* cL CT - 

a CT [/2]*aa[e[/ 2 ]] a ff [/ 2 ] 

a-a[f2\* a_ CT [/ 2 ] (cL CT )* cL CT 
a<r[/ 2 ]* M 6 ^]] a_ CT [/ 2 ] (dfj ) * d CT (gL ct )* - 

a CT [e[/ 2 ]]* a a [f 2 ] a_ CT [/ 2 ]* (d CT )* d CT gL ct 
a CT [/ 2 ]* a CT [e[/ 2 ]] a_ CT [/ 2 ]* a- CT [/ 2 ] (<k)* d a (eL CT )* cL CT + 

a CT [e[/ 2 ]]* a CT [/ 2 ] a_ CT [/ 2 ]* a_ CT [/ 2 ] (d_ a )* d_ a 

a CT [/ 2 ]* a CT [e[/ 2 ]] d a (d- a )* d- a + 

a CT [e[/ 2 ]]* a a [f 2 ] (d a )* d a (d_ a )* d_ a 
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a-cW a a [e[f 2 }]* a a [f 2 ] a_ CT [/ 2 ]* a_ a [f 2 ] d a (cL CT )* d- a - 
aa[/2]*a CT [e[/ 2 ]]a CT [/ 2 ] 

a-aW a- a [f 2 ] (d a )* (cL a )* cL CT 
aa[fi]*d a - a CT [/i] (d a )* 
aAfiT a-*[h\* da d- a + a a [h] a_ CT [/ 2 ] (d a )* 
<U/ 2 ]* a Afi] a -Af2] (d-a)* - a-<r[/ 2 ]* a- ff [f 2 ] d a 

-a a [fiT a*[h\ a-M* <U + a a [fi] a- ff [f 2 ]* a- ff [f 2 ] (da)* 

+aa[fi\* a-M* o_ ff [/ 2 ] d ff (cU)* <U - <U/i] a_ CT [/ 2 ]* a_ a [f 2 ] (d a )* d_ a 
a><AH* a*[fi] (da)* d(j (gL ct )* d-„ + a CT [/i]* a CT [/ 2 ] <i CT (gL ct )* gL ct 
-a a [f 2 ]* a CT [/i]* a CT [/ 2 ] a_ CT [/ 2 ]* a_ CT [/ 2 ] d CT + a CT [/ 2 ]* a ff [/i] a CT [/ 2 ] a_ CT [/ 2 ]* a_ CT [/ 2 ] 
<U/ 2 ]* a ff [/ 2 ] a_ CT [/ 2 ]* d CT cL CT + a CT [/ 2 ]* a CT [A] a CT [/ 2 ] a_ CT [/ 2 ] 

9<-Ri = —R 2 uj\ 2 

d t R 2 = (R 3 -2P 7 u l2 ) 

O t R 3 = (-2R 2 + 2R 4 + R 5 + (-P 5 + P 6 -P 11 )lo 12 + P 12 lu 12 ) 

dtRi = (Rq + R7) 

dtRb — (Re + Rs — 2P 2 qUi 2 ) 

dtR$ = (— 2R4 + 2Rq + i?io + Ru) 

d t R 7 = (-R A + R w + R u - (P20 - P22 Vi 2 ) 

•9*^8 = (—R5 — R9 — (P21 — -P23 V12) 

dtRg = — i?6 

^ti?io = (— R§ — R7 + i?i 2 — 2P 24 a; 12 ) 

^t-Rn = (— -R13 + 2i?uo;i 2 ) 

dtRi2 — (—R4 + Rg + R11) 

9tRi3 = Ru 

d t R u = 

9tRi5 = (—R2F12 ~ Rw^u) 

dtRie — (Rn — 2P7r 12 ) 

d t R 17 = (-2R 1% + 2R 18 + R 19 + (-P 5 + P 6 - P n + F 12 )r 12 ) 

dtRis = (R20 — R21 + R22) 

dtRig = (—R21 + -R22 + R23 — 2P 26 T 12 ) 

5^20 = (—Ris + R24 + R25 — (P20 — P 22 )ri 2 ) 



dtRn = 

QtR-22 = 

9tR23 = 

9tR2A = 

dtR-25 — 




—R26 — (P21 — -P 2 3jri 2 ) 

— r 20 + R 2 \ — 2P 24 ri 2 ) 

— r 27 + 2P 14 r 12 ) 
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•9*^26 — (-^23 — 2P 2 6ri2) 

dtR27 = R25 

dfR28 — -^29^12 

dfR29 — ( — R3I + 2i?30^12) 

dtRzo — R32 

dtR%l — (2i?29 ~ 2i? 34 + R 35 — -R32W12 + R33 UJ n) 

dtR$2 = (— 4i?30 + 2i?36 — i?6^12 + R\2^\2 + -^37^12) 

^t-^33 — (-^38 + -^6^12 ~ R\2^\2 — Rzi^\2) 

dtRsA = (—R39 + Rio — 2-R41W12) 

•9^35 — ( — R40 + -^42 + 2i?43U;i2) 

•9^36 — (~2i? 3 2 + 2i? 45 + 2i? 48 — R9U12 ~ -RlO w 12 + -^44^12) 

9<i?37 = (-^44 + -R46) 

5*^38 = (~ -^33 + R47 — R4U12 — R/lqU 12 ) 

dtR39 — (R34 + -R49 + R50 + Rw^vi + -^48^12) 

dtRm = (— 2i?34 — -R49 — -R50 + 2i?5i — i?47a;i2 + ^52^12) 

dtR^i — R47 

dtRi2 = (—R35 + R51 — ^45^12) 

dfR^ — (—R45 — R52) 

d t R u = (-2R 37 + R 53 + 2P 26 u 12 ) 

9 t i?4 5 = (— 2i? 54 + 2_R 55 ) 

dtR^e = (—R37 + -R53) 

d t R47 = (— 2i?41 + -^13^12 + -^56^12) 

9tRi8 — (2i?57 — 2_R 58 + i?i30;i2 + i?56^12) 

d t R49 = (--^39 + R59 — 2-R58W12) 

9<i?50 = ( — Rqo + 2RqiLUi2) 

dtRbi — (—R40 + 2-R43W12 + 2i? 54 cj 12 ) 

9tR$2 = (2i?43 + 2i?54 — 2i? 62 — R\^\2 ~ -^56^12) 

9fRb3 — ( — Ru — 2i?46 + 2-^63 + (P2I — ^23)^12) 

9 t i?54 = -R45 

9(i?55 = — -R45 

9<i?56 = i?63 

5*^57 — ( — -^48 + ^11^12 + -^63^12) 

•9^58 — Ra8 

dtR*,9 — (—R34 — -R49 + R51) 

dtRffl — R50 

d t R G i = 

dtR%2 — (R52 + ^11^12 + -^63^12) 
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•9*^63 — (~ -^56 + 2-Ri4Wi 2 ) 

dfRu = ( — Rg7 — -^68 — -^65^12 + 2-R66^12) 

dtR&h — (-R33 + -^69) 

dtRm — R70 

dtR&7 — (— 2i?7i + 2i?73 + i?74 — R70LO12 + i?72^12) 

9ti?68 — (-^74 + -R75) 

<9ii?69 — ( — R38 — 2i?65 — -^76 — -^6^12 + R\2^\2 + -^37^12) 

•9^70 — (— 4i? 66 + 2i?77 + i? 37 a>i2) 

dtRn = (R&7 — 2i?66^i2) 

d*i?72 = (i?80 — -^37^12) 

d t R 73 = (R 81 + R 82 - Rg3 + R41W12) 

d t RjA = (i?82 — ^83 + -^84 + -^43^12 + -^85^12) 

9fR75 — ( — 2i? 68 — R S2 + Rs3 — -^84 — -^87 — -^43^12 — -^85^12 + ^86^12) 

9ti?76 = (-R47 + ^88) 

dtRn — ( — 2i?7o + 2i?7g + 2i?79 + .R44W12) 

9tR78 — — 2i? 89 

^ti?79 = (2i?90 + ^56^12) 

dtRso — (—R72 — R91 — -^46^12) 

dtRsi = ( — R73 — R92 + R93 + -^47^12 + -^79^12 + -R91W12) 

9<i?82 = ( — R73 + -^93 + -^94 — -^91^12 + ^95^12) 

dtR83 = (-R73 + -R92 — -R94) 

l9ti?84 = ( — -^74 — -^94 — ^78^12) 

d*i?85 = (-R45 — 2i? 78 ) 

•9*^86 — ( — R9I + -R99) 

dtR&7 — (R93 — R100) 

•9^88 — (2i?41 — -^76 — 2i? 10 i — i?l3^l2 ~ -^56^12) 

dtR&9 — 2i?78 

9 t -Rgo = (— 2i? 79 + ^63^12) 

ft-Rgi = (R41 — Rn^u) 

•9^92 = (-#81 — #83 + 2-Rg6^l2) 

dtR$3 — ( — R97 + 2i?980;i2) 

9t-#94 — (-R82 + #83 ~~ #43^12 — #54^12) 

dtR95 — (—R43 — #54 + #62 + #13^12) 

dtR96 — R79 

dtR97 — R93 

d t R 9 8 = 

^#99 — (#41 ~ #86 — RlOl — R13W12) 



32 



dtRlOO — (Rs7 ~ R97 + 2-^98^12 — ^101^12) 

d t Rioi = 

dtRim = {Rwa — -^2^12 — -^103^12) 

dtRim = (-R105 — ^Pi^vi) 

dtRioi = (-R106 + -^6^12 — -R12W12 — -R37W12) 

9tRio5 — (2i?46 — 2i? 103 + R W7 + R W8 + (— P 5 + P e — P u + P12V12) 

9tRl06 = (— 2i?52 — 2i?i04 + -R5W12 + 2i?gO;i2 + -R10W12 — i?44^12 + -^108^12) 

9tRio7 = (—R37 + -R109) 

dtRios = (-R110 — 2F24W12) 

dtRim — {—Rm + -^63 ~~ -R107) 

dtRno = (—R108 + (-P20 — ^22)^12) 

dtRm = (-R112 — -^2^12) 

dfRii2 = (-R113 — 2i? 114 ) 

dtRm = (—R32 + -R45 + -R48 + -R70 — -R78 — R79 — R^iv 

dtRiu = (R32 — Ras — R70 + R79 + -R112) 

dtR\ib — -R116 

d t R lie = (-R 117 + 2P 7 r 2 ) 

d t R n7 = (2R 1W + 2R n8 + R 119 + (-P 5 + P 6 - P n + P 12 )r 2 ) 

dtRiis = (-R120 + R121) 

9tRll9 — {R\2l + -^122 — 2^26^) 

9tRl20 = (— -Rll8 + -^123 + ( — -P20 + ^22)^) 

9tR\21 = (— 2i?H8 + -Rl23 + 2i?i24j 

9tR\22 — { — Rll9 — Rl24 + ( — -P2I + ^23)^) 

dtRl23 = ( — -^120 — -Rl25 + Rl26 — 2^24^ — -^14^)) 

9tRi2A = —R121 

9tRl25 — R\27 

9tRl26 = (-Rll8 ~~ -^123 ~ Rl2A + -Rl27) 

9tR\27 = (—R125 + 2-Ri 4 r 2 ) 

9tRl28 — R3 + Rl29 — 2PjUJi2 

9tR\29 — ~ R9 + -R130 

9tRl30 — —Rl2 ~ 2i?i29 + -R131 — -R133 

dtRm — Ra ~ R9 — Rw 

9tR\32 = Rl3 — Rl33 — 2R\aIjJ\2 

9tR\33 — Rll + ^132 
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